In this paper, based on the theories of α-times Integrated Cosine Function, we discuss the approximation theorem for α-times Integrated Cosine Function and conclude the approximation theorem of exponentially bounded α-times Integrated Cosine Function by the approximation theorem of n-times integrated semigroups. If the semigroups are equicontinuous at each point [ ] t 0, ∈ ∞ , we give different methods to prove the theorem.
Introduction
Integrated semigroups were introduced by Arent [1] [2] and Davies and Pang [3] in 1987. The approximation theorem is one of the fundamental theorems in the theory of operater semigroups. There have been many results on approximation [4] - [7] . Cao [8] obtained the approximation theorem for m-times Integrated Cosine Function, m N ∈ . In this paper, we refine the theory by introducing α-times Integrated Cosine Function for positive real numbers α . Moreover, if the semigroups are equicontinuous at each point [ ] 0, t ∈ ∞ , we give different methods to prove the theorem.
Throughout this paper, we will denote by X -a Banach space with norm  , by ( ) B X -the Banach space of all bounded linear operators from X to X ; A is a linear operator in X , by 
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which is nonempty by assumption. 
From (1) (2), we have ( ) ( )
It shows that 3) is right.
We have
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By using the dominated convergence theorem, we obtain ( ) 
Then (1)- (3) are equivalent: 1)
uniformly on compacts of 0 t ≥ . 
, , , , and uniformly on compacts of 0 t ≥ .
